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Modeling and Estimation Issues in Spatial Simultaneous Equations Models

1. Introduction

The investigation of regression residuals in the $eafcsigns of a spatial structure is the

first step inthe analysis o§patialdata The usual graphical analysis tools and the residual
mapping can provide the first indication that the observed values are more correlated than
would be expected under ramd assignment. In this case, the presence of spatial clustering
can be tested by using the spatial correlation tests such as Moran, Geary or G statistic, on
the residuals. Although such tests can detect the presence of spatial clustering, however,
they do not explain why such clustering occurs, nor do they explain which factors
determine its shape and strength. In othwerds the alternative hypothesis of spatial
autocorrelation is too vague to be useful in the construction of theory. Rather, spatial
autoegressive process, the process that expresses how observations at each location
depend on values at neighboring locatidtise spatial lag, is the relevant concept that
formalizes the way in which the spatial association is generated (Anselin, 1992).

Spatal dependence is one of the main problems in stochastic processes and can be
caused by a variety of measurement problems that are associated with the arbitrary
delineation of spatial units of observation (such as counties boundaries, census tracts),
problens of spatial aggregation, and the presence of spatial externalities and spillover
effects. The existence of spatial dependence would then mean that the observations contain
less information than if there had been spatial independence. Consequentlyes$igpoth

tests and the statistical properties for estimators in the standard econometric approach will



not hold. Thus, in order to obtain approximately the same information as in the case of
spatial independence, the spatial dependence needs to be explaitlifigd and modeled.
2. Spatial Regression Models
The explicit inclusion of spatial dependence in regression models can be done in different
ways. Anselin (2003), for example, attempts to extend the earlier work on spatial
dependence and he notiteh ahe standard taxonomy of spatial autoregressive lag and
error models commonly applied in spatial econometrics (Anselin, 1988) is perhaps too
simplistic and leaves out other interesting possibilities for mechanisms through which
phenomena or actionsataggen | ocati on affects act.dors or
this extension, he makegdsstinction betweemglobal and local range of dependence which
have implications for the econometric specifications of spatially lagged dependent variable
(Wy), spatially lagged explanatory variable#/X) and spatially lagged error terma/q).
The distinction between the global and local effects models depends upon the assumption
on the underlying spatial process. The spatial regression models with global eféects a
based on the principle that the underlying spatial process on the analyzed data is stationary.
This means that the spatial autocorrelation patterns of the data sets can be captured in one
parameter only. The spatial regression models with local spétals, however, are based
on the principle that the underlying spatial process on the analyzed datastatomary
and hence spatial autocorrelation patterns of the data cannot be captured by one parameter
only. Thus, when the spatial process is-s@tionary, the coefficients of regression need to
reflect the spatial heterogeneity.

The conditional autoregressive (CAR) model and the simultaneous models, spatial

autoregressive (SAR) and the spatial moving average (SMA), models are the most



commonly erployed types of models in spatial statistics and spatial econometrics. In the
conditional model, a random variable at a location is conditioned on the observations on
that random variable at neighboring locations. The latter are treated as exogenous and ca
be exploited to construct optimal prediction for the random variable at unobserved

locations (Anselin, 2003). The inverse covariance matrix for this model is constructed by

| —pD /02 whereD is a binary spatial weights matrix. This typemodel is appropriate

for studies involving firsbrder dependency which are most common in spatial statistics. In
the simultaneous models (SAR and SMA models), however, the focus is on the explanation
of the complete interactions between all observatmmocations observed simultaneously.

The covariance structure in such models is compatible with the spatial ordering and the

inverse covariance matrix is constructed by-pW | — WV /02 whereW is a row

standardized spatial weights matrix. Téienultaneity in these models follows from the
nature of dependence in space which is-tivectional. As a result, each location is in turn

a neighbor for its neighbors, so that the effect of the neighbors has to be treated as
endogenous (Anselin, 2003Jhe SAR model is appropriate for studies involving {first
order as well as secommtder dependency which are most common in regional studies. This
research also follows the regional studies tradition. In the next subsection, the spatial
dependence (spatiglobal effecs) will be discussedirst in the context of crossectional

setting and then the extgion to panel data will follow

2.1 Spatial Dependence in Cro&ectional Models

There are two distinct ways of incorporating spatial dependence intdaindasd linear

regression models: as an additional explanatory variable in the form of spatially lagged



dependent variablesMy;) (spatial lag), or in the error structur&|uu, |#0 (spatial

error) (Anselin, 2001).
Spatial Lag Model
The spéial lag model combines the spatial dependence in the form of a spatial lag term
with the usual linear explanation of a dependent variable by a set of explanatory variables.
It is similar to the inclusion of a serially autoregressive term for the depevalgile in a
time seriescontext (Anselin and Bera, 1998 eSage, 1999). This model is more
appropriate when the focus of interest is the assessment of the existence and strength of
spatial interaction. Anselin (1993) referred this model as the spati@egressive model
with substantive spatial dependence.

Formally, a spatial lag model, in the context of single equation and in & cross
sectional setting, is expressed as:
(1.0 y=pWy + X0+ 1
wherey is an n by 1 vector of observations on the dependent varidyjejs the
corresponding spatial lagged dependent variable for weights riféir is n by K matrix
of observations on the explanatory variabieg an n by 1 vector of error termg, is the
spatial autoregressive parameter and a K by 1 vector of regression coefficients. The
parametep measures the degree of spatial dependence inherent in the data. As this model
combines the standard regression model with a spatially lagged dependent variable, it is
also called a mixed regressigpatial autoregressavmodel (Anselin, 1998).

The spatial singlequation model in equation (J.tan be extended to a system of
spatially interrelated cross sectional equations corresponding to n cross sectional units. But,
first note thata standard Gystem ofequations cabewritten as:
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(1.2) Y=Ydor X &

with
Y=VY,...¥s X=X;,.%X¢ U =u, ,.ug

wherey; is then by 1 vector of cross sectional observations on the dependent variable in jth
equation,x; is an n by 1 vector of cross sectional observations on the Ith exogenous
variable, u; is an n by 1 vector of error terms in the jth equation, Bndnd 0 are
correspondingly defined parameter matrices of dimension G by G and K by G,
respectively.B is a diagonal matrixFollowing Kelejian and Prucha (2004), the spatial lag
dependent variables canibeorporated in equation (J.2s follows:

(1.3) Y=Yt X & WY4s

whereW is an n by n weights matrix of known constants, @nig a G by G matrix of
parameters. Note that the spatial global spillover effects in the endogenous variables is
modeled viawy, with Wyjr epr esenting the spati al l ag in

The ith element of the vemt of the spatial lad/Vy;, can be computed as:

(14 Wy, =2 Wy
r=1

where

ir

_ |1 wheniand r are neighbors (adjac
|0 otherwise '

Note that the spatial interactions in the system are determined by the nature of
thes matrix. Specifying s as not a diagonal matrix of parameters allows the jth
endogenous variable tiepend on its spatial lag as well as on the spatial lags of the other
endogenous variables in the model. If, however, there is a theoretical reason to believe that

the jth endogenous variable depends either only on the spatial lags in the other endogenous



variables in the model or only on its own spatial lag, thehould be specified as a
diagonal matrix or as an identity matrix, respectively.

The system in equation (3.8an be expressed in a form where its solution for the
end@enous variables is clearly revealed. First, consider the following vector

transformations:

(L5) vecY = vecYd + vecX i+ vec WY & vec U
' = WR®lvec W '®@ vec +X'® s val + VEC

Lettingy=vecY , x=vecX ,and = vet) ,itfollows from equation (1)6that
y=d® 1 4 '@ 4+ ® s +W
9 =[dB® 1+ '® Wy '® +
The mixed regressivepatial autoregressive specification given above can be
interpreted in three different ways. First, in the spea&iion given in equation (1)6the
interest is in finding out howach of variablesiiy relate to their values in the surrounding
locations (spatial own lags), the values of the other endogenous variables in the
surrounding locations (cross spatial lags) and the values of the other endogenous variables
in the respective location, while mwolling for the influence of other predetermined
(exogenous) variables. The second perspective is when the interest is to detect the relations
between the dependent variables y and the predetermined (exogenous) variables x, after all
the spatial effectand the other endogenous variables effects are controlled for or filtered
out. Formally, this can be expressed as:
y—[oﬁ@ l+ '® \ﬂl = '®i +
.7 FHld® 1+ '® W =y '@ 4

The third perspective is the interpretation of the model in its reduced form. The reduced

form is nonlinear and it clearly illustrates how the expected value of the dependent
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variables at each location deykenot only on the predetermined (exogenous) variables at
the respective locations but also on the predetermined (exogenous) variables at all other

locations. The reduced form is given by:
18 y=kd®I+ ® W '@ kif ® & 1® } .

The expected or mean value can be computed by taking expectatidmsth sides of

equation (1.Bas follows:
Ey:E[I-[d:i®l+ ® W @ ]
+E[ I{ AR 1+ 'V \ﬂ/f1 }u

Since the mean of the error term is assumed to be zero, this gives:

(1.9)

(1.10) Ey=E[ Hae1+ '® W '@ ]

To continue with formulating the model in form more convenient to reveal its

solution for the endogenous vables, consider equation (1.Get:
= B®1+ '® Wand "& &
Then, equation (1)&can be rewritten as:
y=addyw T+x u

(.11 L1 L1 .
y=1,-d g x 4+ d inureduced-form

n

From this general form of the spatial econometric model, various specifications can be
generated. By imposing zero restrictions on various model paran&ey and Boarnet
(2004), for example, have identified 35 different specification cases from their two
equation spatial econometric model. In order to structure the taxonomy of the spatial
econometric model, they considered three dimensions of simujtanisedback

simultaneity; spatial autoregressive lag simultaneity; and spatial -i¥gssssive lag
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simultaneity. Depending on the underlying theoretical arguments, each equation of the
model contains either all or some or none of these dimensions.

The sysem in equabn (1.3 can also be expressed more compactly by imposing
exclusion restriction on the parameters of the model. Particularly, let the vectors of nonzero

elements of the jth column &, G, and s be b;, 9, and ;respectively. Again, let the

corresponding matrices of observations on the endogenous variables, exogenous variables,
and the spatially lagged endogenous variables that appear in the jth equation

beY;, X,, andNY  respectivly. Then equation (1)Xan be written as:
(1.12 y,=Z;04, + y

where

Spatial Error Models

A second way to incorporate spatial autocorrelation in a regression model is to specify a
spatial process for the disturbance term. The disturbance terms in a regression model can be
considered to contain athnored elements, and when spatial dependence is present in the
disturbance term, the spatial effects are assumed to be a noise, or perturbation, that is, a
factor that needs to be removed (Anselin, 2001). Such spatial pattern in the residuals of the
regression model may lead to the discovery of additional variables that should be included
in the model. Spatial dependence in the disturbance term also violates the basic OLS
estimation assumption of uncorrelated errors. Hence, when the spatial dependence is
ignored, OLS estimates will be inefficient, though unbiased, the studamd t~statistics

for tests of significance will be biased, thé measure will be misleading, which in turn

lead to a wrong statistical interpretation of the regression mode (And€l96). More



efficient estimators can be obtained by taking advantage of the particular structure of the
error covariance implied by the spatial process. The disturbance term -spmencal
where the offdiagonal elements of the associated covarianagixnexpress the structure

of spatial dependence.

A spatial dependence model is more common in social science applications using
cross sectional data due to the predominance of spatial interaction and spatial externalities
as well as due to the poor cheiof spatial units in such applications (Anselin, 1992). The
dependence in the disturbance term can be expressed either as spatial autoregressive or as a
spatial moving average spatial process. The most common specification, however, is the
spatial autoregssive spatial process, although most tests for spatial error autocorrelation
are the same for either form (Anselin, 1992). The spatial dependence in the disturbance
term, thus, can be expressed using matrix notation as:

(2.13 y=X0+ 1
with
u=pWu+U0
where u is assumed to follow a spatial autoregressive procetls, o as the spatial

autoregressive coefficient for the error \gi, andU n by 1 vector of innovations or white
noise error, and the other notationslafined before. Equation (1.3 the structuralorm
of the SAR model which expresses global spatial effects. The corresponding reduced form

of the model can be specified as:
(.14 y=Xo+ kp W

with the corresponding error covariance matrix given as:

, -1

(1.15) Eul =c> 1l—-pW "1 -V’ =%l -V | -W
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The structure in equation (1)J1Shows that the spatial error process leads to azemn

error covariance between every pair of observation, but decreasing in magnitude with the
order of contiguity Note also that heteroskedasticity is inducedi,inrrespective of the
heteroskedasticitgf U, because the imrse matrices in equation (1)lbelds nonconstant
diagonal element in the error covariance matrix.

An alternative suctural form, the sealled spatial Durbin or common factor

model, can be generated pye-multiplying equation (1.14by | — pW and moving the

spatial lag term to the rigiitand side as:

(1.16) y=pWy+Xo-p WXo .

This spatial model has spatially lagged exogenous varial¥es§) (in addition to the
spatially lagged dependevdriable (Wy) and a welbehaved disturbance tebbnEquation
(1.16, however, becomes a proper spatial error model only if a set of K nonlinear

constraints on the parameters, thecatbled common factor constraintg y =—py (the
product of the spatial autoregressive coefficierwith the regression coefficierd should
equal the negative of the coefficient of spatially lagged exogenous varisthes 4y ),

are satisfied. The spatial error model can also be expressed in terms of spatially filtered

variables as:
(1.17) l—pW y =1 —pN X o+ .

The single equation spatial error model developed above can easily be extended to a
system of spatially interrelated cross sectional equations corresponding to n cross sectional
units. Assumingthe spatial dependence in the error term, the system of simultaneous
eqguations given in equatidh.2) can be expressed as:

(1.19) Y=Ydor X &
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with
(2.19 U=WUC+K

wherewU = Wu,, ..,.Wu, C=diag, p;, A= U, ..,J0 and the other notations as

defined before. Note thap, denotes the spatial autoregressive parameter in the jth

eqguation and sincg is taken to be diagonal, the specification relates the distcebaactor

in the jth equation only to its own spatial lag. Since it is assumed

thatE U= @GndE 'U0 ® F, the disturbances, however, will be spatially correlated

across units and across equations.
The system in equation .(8) and (1.19 can be expressed in a form where its
solution for the endogenous variables is clearly revealed. But, first consider the following

vector transformations:

vecY = vecYd + vec X i+ vec U
(.20 vecY = vecYd + vec X i+ vec UWC E
=dd®lvec ¥ '@ vec +X'®@ C vay+ vét

Lettingy=vecY , x=vecX ,u= vedJ ,and)= vecEit follows from equation
(2.20 that

y=d®Il 4 '@ + k&® C +\
or

y=dd® | 4 '@ + ,x u
u= COW u+U

(1.22)

The system in equation (1.2tan also be rewritten more compactly in a form that can

reveal its solution for the endogenous variable®l®wys:

y=d" w U+x,

(1.22) .
u=C'u+U
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where d"= d® |, "€ '& =Wag’, p, , and the other notaths as before.

n

Furthermore by imposing exclusion restrictiaon the system in equation (1)2& can be
expressed as:

y; =2l + 4

(2.23) o .
u,=pWu, +4, j=1..6

where

!

Z, =YX, andi, = b,/o.
Spatial Autoregressive Model
When there are no strong a priori theoretical reasons to believe that interdependences
between spatial units arises either due to fgatial lags of the dependent variables or due
to spatially autoregressive error terms, the standard approach is to model the system with
both effects included (Anselin, 2003).The spatial lag model and the spatial error model are
discussed in the above tvgubsectionseparately. By combining these two models, the
spatial autoregressive model with both the spatial lag and spatial error effects can be
expressed as (all notations are as defined before):
(1.24) Y=Yt X & WY4s
with

U=WUC+K.

Combining equation (1.11) and (1)2@ives the system in its more compact form as (all
notations are as expressed before):

y=d y T+x,
u=Cu+U0

(1.25)
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Assuming thatl ; —d3 and |,— ‘tare nonsingular matrices wifpy | <1, j=1,...,.C, the

system in equation (1.2%5an be expressed in its reduced form as:

(1.26)

Since the innovations are assumed to be independently and identically distributed, that

is,E U= @ndE 'UU ® [, the means and variance covariance matrices of the

distubance terms, and the endogenous variabjesre given, respectively, as follows:

Ey=14-B" 0'x; E y¥ ,=q 1" B &

The endogenous variables as well as the disturbances are, therefore, seen to be
correlated both spatially and across equation, and furthermore will generally be
hetroskedastic. In this study, the spatial units are counties and et lcas only a small
number of neighbors and, in turn, it is only a neighbor to a small number of counties. The
weights matriXW is a row standardized sparse matrix and hence the row and column sums

of the weights matrix is bounded in absolute values. dt also assumed
thatl -pW ,j=1,.Gandl B~ ~are bounded uniformly in absolute values, which

imply that q ,and q , are also bounded uniformly as it can easily be seentfierrelations

in equation (1.2} Thus, the degree of correlation between the elementsasfdy are
limited, which is a necessary condition for all large sample analysis (see Kelejian and

Prucha, 1998, 2004).

14



By imposing exclusion restrictienon the system in equation (1)24he spatiha

autoregressive model can also be reformulated as follows (all notations are as defined

before):
=Z.U + u,
(1_28) yJ 17 Po ]
u,=p,Wu,+y, j=1..6
where

!

Z, =Y, X; WY, andi, = p, o/ &
Following Kelejian and Prucha (2004), a set of instruments are utilized to estimate the
spatial models in equations (1.11), (1.23) and (1L.28ing the instrumental variable
techniques. &t N denote the n by p matrix dhoseinstrumentsand as suggested by
Kelejian and Prucha (2004l will be chosen as a subset of the linearly independent
columns of K, WX, °X§ wher@s is an integer such tHats< 2. It is assmed that

the elements dl are uniformly bounded in absolute value. Besidiess full column rank

nonstochastic instrument matrix with the following properties:

Dlim NN _ Qs WhereQ ., is afinite and nonsingulaatrix

2)Iim—j =Q,, » WhereQ Nz, is a finite matrix whichds full column rank, j=1,...,.G
n—o n J
. N'WE Z, e N .

Ylim————=Q,,,; . whereQ ,,, is afinite mitrix which has full column rank, j = 1,G
n—o n 1

N’Q—P,—W)
e n
5)|Im N’Q_pjw jnq_plvv ,j\l

n—o

4)Qsz —PJ-QNM =lim L has a full column rank, ] =1,G,

=0, wheret is a finite and nonsingulaatrix, j = 1,..G

Assuming that the matrix of exogenous (nonstochastic) varidbless full column rank,

properties 1 and 2 are important to ensure the consistency of the initial two stage least
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squares estimators. Property 2 also ensures that the instruxhalidsv the identification

of the regression parametelisin equationg1.11), (1.23) and (1.28Note that the 2SLS
estimator for the parameters of the models in each of these equations is a generalized

moments  estimator  corresponding to the moment condEoN&; =0.

Letu; G, = y- ;Z 4 ;+u; ;Z-,U, then the condition thaQ,, has full column

__NE Z,
lim

n—w n

rank implies that lim ’

n—o n

E N'u; g _ _
= u,-_{iis zero if and only

if G, = {.Thus fulfillment of the rank condition fo@,, ensures thathe instruments\
identify the true parameter vectar , | = 1, ¢é, G, and the objecti

maximized atl; = (i, at least in the limit.

Properties 3 and 4 are important in ensurirggdbnsistency of the generalized two
and three stage estimators, which are based on a Codbramgtype transformation of
the models. Property 5 is used in deriving the limiting distion of the initial twestage
least squares estimator from the ansformed model (see Kelejian and Prucha (2004) for
details and proofs).

2.2 Spatial Dependence in Simultanec#gjuations Panel Data Models

When data is available across space and over time, spatial dependence can be incorporated
into the standard simultanus equations panelata modelsn a straightforward way.

Spatial lag dependent variables, for example, canrligen as follows (all notations are as

given before):

(2.29 y=ZU0+ L

where
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Note that y; is nT x 1 vector of observations on the endogenous variable in the jth

equationZ; = Y, X, WY, a matrix of dimension nTby G1-1+Kl1+ Gl

U= b, 197 awhere b,is G1-1by 1, 0,isK1,by 1, andb,isG1 by 1, andu, is nT by

1 vector of disturbance in the jth equatiofor j=1, 2, ..., C.For the onevay error

component model, the disturbance of the jth equatias given by:

(.30 u=2:8+1%
where
Z,=1,89 , =g, ,, ... . . B0, 0aNd, @, Qqr
Thus,
(131 a;=E y u= 20 &, w37 [® ]I

wherel and|  are identity matrices witdimensions T and n, respectivedyjs a vector
of ones of dimension,TJ; is a matrix of ones of dimensionahd ® denotes Kronecker

product.

In this case, the covariance mathetween the disturbances of different equations
has the same oneay error component form. But, now there are additional cross equation
variances components to be estimated. When one considers the whole model, the variance

covariance matrix for the set @ structural equations is given by:

(1.32 qQ=E uu= KB @ . & ,0FE® ;I

17



wheref,, =[ @J andg,, :[ g, }are both G x G matrices, and= u;,u,....u; isalx

nGT vector of disturbances with; defined in equation (1.30 f or j = 1,2, é0G.

proceeding, it is helpful to define two ma#gg;P andH, which are useful in transforming
the structural equations. Letbe the matrix which averages the observations across time
for each individual andd be the matrix which obtains the deviations from individual

means. Thus,

l ! 1 ‘B J
P=2,62'2,2' = &5, wherd | = %

W

1
H=InT—P=(IT—‘_]|_—TJ®In

Now it is possible to transform the stacked systémquations in equation (1.29

by I;®H and| ,®P to get, respectively,
(133 y=Zi+ tBnd 50 Z i
Y0 7v Y0 _ b
wherey= I, ®H y ,Z=1,8®H Z ,andu= I;®H u;andy= I;®P vy,
7= [, ®P Z, andi = l; ®P u.The W3SLS and B3SLS estimators can be obtained
by performing 3SLS on these transformed equations using, respectively,

ls ®N  and| c ®N “as sets of instruments, whelke= HN andN = PN.

Similarly, spatial dependence in thgorscan be writteras follows:

(1.34) y=ZU0+ L
Uu=p I;OW U+ &5 u+ -

where

! p andH are idempotent, orthogonal and sum to the identity matrix.
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02,30 v
y= % ; Z=diagZ, = 2 CU=| %|;and 4
6 |4
Yo 03 VAS Ug ¢
with Z = Y, X, ,i,= b, jaf or | = 1,é, G iwmsdas giverein ot her

equation (1.2p

In order to facilitate the modeling of spatial error dependence in the taitex
panel data, the data is arranged time wise. Apart from this difference in the arrangement of
the data, the forat is similar to equation (1.2%bove. Now consider the jth equatioi

the system in equation (1.34

(1.35) y;=Z;0;+ y
u,=p; Iy ®W u, +g;

where

(1.36) g9,= |® 4+ .

The mean and the covariance of the innovation veggtoan be given by:

E g =0
137 2 2 .
E g; g - &,]\:O-;z, T ® n -'I-O-a)l n ® In

From tre second part of equation (1)36follows that

-1

(1.38) u=1®1,-pW g,

J

Thus, the mean and the covarianceipfan be given as follows:

19



(1.39) —q, [ k® o W @ -p

where q 0 is as givenn equation (1.3) This can asily be extended to the whole model.

But, first note that the variana@®variance of the innovations for the whole model lsan
given by

(1.40) Q,=BE® R &

whereE, =TE + E

Thus, the varianceovariance matrix for the set of G structural equations is computed as:

(141) E u =qu=qg[lr® o W —p, '_l\}/forjzl,...,c.

Both spatial lag dependence and spatial error dependence can also be incorporated
into the standard simultaneous equagionodels in the context of parsdta. Recalling
equations (1.29) and (1.B4he spatial autoregressive panel data model with spatial
autoregressive disturbances can be formulated as follows (all notations and definitions are

as expressed before):

=ZU0+ u
(1.42 Y
u=p I, ®W u +g
with
9= 1® ;u+
where
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Note that y; is nT x 1 vector of observations on the endogenous variable in the jth

equationZ; = Y, X, WY, a matrix of dimension nTby G1-1+Kl1+ Gl

U= b, 197 awhere b,is G1-1by 1, 0,isK1,by 1, andb,isG1 by 1, andu, is nT by

]
1 vector of disturbace in the jth equatiorfor j=1, 2, ..., C. The variance&ovariance of

the innovations and the disturbances for this model are the same to those given insequation

(1.40) and (1.4} respectively.

3. Estimation Issues inSpatial SimultaneousEquations Models

The presence of a combination of feedback simultaneity, spatial autoregressive lag
simultaneity and spatial crossgressive lag simultaneity in spatial simultaneous equations
models creates a number of complications of which the questiombeather or not each
equation of the model is identified, the choice of estimators and the treatment of
instruments are the most important ones (Rey and Boarnet, 2004). The traditional rank and
order conditions for identification, for example, are notligplpif the system is expressed

as (all notations are as defined before except Bois a matrix of coefficients whose
diagonal elements are 1):

(1.43) Y= X & WYds .

Pre and postmultiplying the matrix of endogeus variables in equation (1)4By two

distinct coefficient matrices leads to two different reduced forms. Thus, this systégm a
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stands does not lend itself to the application of the traditional rank and order conditions for
checking identification. If the models, however, are viewed as special cases of
simultaneous equations that are nonlinear in endogenous variables, ddgofifican be
checked by checking for the following necessary conditions:

1. All the endogenous variables in the model can be expressed in terms of the

exogenous variables and the disturbance terms. This condition is fulfilled if
matrices |, -dJ and I,-p; Ware nonsingular witp;|<1, for j = 1,

2. The solution of the model for the endogenous variables in terms of the exogenous

variables and the disturbance terms is unique. This condition is fulfilled if the

!

. o . . NEZ. | . ,
instruments matriN is selectd in sucha waythat lim L is a finite matrix

n—0 n

which has full column rank forj=1, .., G.

3. The number of endogenous variables appearing on the right hand side of an
equation must be less than or equal to the number ofeawog and lagged
endogenous variables appearing in the model but not in that equations

It is well known that the presence of endogenous variables on the right hand side of an

eqguation in the simultaneous equations system violates the assumption of reledicor
between the regressors and the disturbance term upon which the unbiasedness or
consistency of ordinary least squares (OLS) estimators are based. For the same reason, the
presence of the endogenous variables in their lagged form on the righsidanof an
equation leads to biased and inconsistent OLS estimates. Besides, the existence of a
spatially autoregressive error term in an equation leads to the inconsistency of OLS. Hence,

an alternative estimation method must be used in order to obthiased and consistent
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estimator for the parameters of the spatial simultaneous equations models. One such an
approach is the instrumental variables procedure suggested in Kelejian and Prucha (2004).
3.1. CrossSectional Data Setting

Kelejian and Prucha (2d) suggest limited and full information instrumental variable
estimator for the parameters of a spatial simultaneous equation model and derive the
limiting distribution of those estimators. In the case of limited information (single equation)
estimationthey proposed a three step generalized spatiaktage least squares (GS2SLS)
procedure to estimate the unknown parameters in the jthieowd the model in equation

(1.24. The first step consists of the estimation of the model parameter ¥edtor

equation (1.28 by two-stage least squares (2SLS) using the instruméntshereN is

definedin reference to equation (1.28bove. The resulting 2SLS estimator is given by:

(

1

(1.44) =77 i3
whereZ, =P, Z = Y, X, WY withY,=P,Y,,WY; =P, WY |, and P,=N N'N "N

is a projection matrix.Although Ejis consistent estimator of it does not utilize
information relating to the spatial correlation of the disturbance terms. These 2SLS
estimates are used to compute estimates for the disturbgneggh in turn are used to

estimate the autoregressive parametein the second step of the procedure. The resulting
2SLS residuals are hence given by:

I3

J

(1.45) U=y, -2

In the second step, Kelejian and Prucha (2004) used the generalized moments procedure to

estimate the spatial autoregressive parametereadigiurbances of the jth equation, for j =
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1, é,of te model in equation (1.28\ote that fronthe relation in equation (1.28ve
have:

(1.46) u;—pWu, =4

and premultiplication by the weights matriw/ gives

(L47) Wu, -pWa, =w(.

The following threeequation system is obtained from the relaships between equations

(1.46 and (.47):

g o you, Wu, Wu u’ Wu.

# _ an +,0j2 i : i 73 i : j

wl ' owl o Wl Wu , Wau, W, Wi, wu,

(1.48) = +p; -2p,
n n n n
’ ' 2 !
g wC uj Wu, , Wu, Wi, (UJ Wi, + W, Wu, j
= *p ~P;
n n n n

Taking exgctations across equation (148

L _ ;q+up_2 Wu, Wu, ) _u; Wu,
I J

n n n n

Wl oWl wa o Wu o, Wa, W Wi, Wu,
(149) E = +p] B E—

n n n n
9w UoWu, W "W, [u'j W, + Wu, Wu, j
= TP ~A
n n n n

yields:
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_ _ u'J ] ) WUJ,WUJ. u’ Wuj
. +p; -2p, -
o
tr WW Wu, Wu, o, Wa, Wh, Wi, Wu,
(1.50) ; =E +pf -2p,
n n n
tr W '
2 _ ' ' 2
70w we, W, WA (”i WA+ Wuy - W ]
) ) +p; ~pP
L n n |
and after rearranging:
- ] Eu) Wu, ZE( Wu; - W, j ,
] 2p, B G
n n
n ! !
' 2
wo, W E(Wuj Wuj) ZE(Wﬁj Wﬁjj S Ww
(251 E =1 2p, - P 0
n n n n
u' Wu, '
M @)@ ) @)
- ! I n A n ’
- ) E Wu, E(WuJ W”;j
vy, - 1
n n ! n!
' 2 P;
wu ' Wu, E(Wuj Wuj) E[Wﬁj W, j eww ||
(152 E =(2 - P
n n n n )
u. Wu, , %
' - ' E(Uj@%j)@uj)@) E[@hﬁﬁjj .
- 0
&))" ) ) n n
%))))))))))))) N ))))))))))))) )X
Thus, the system in equation (1)5&n berewrigk n  as (| = 1,¢é, G):
(153 7,=Y,U - U=Y,""7



The parameter vectoij = pj,ij,O'jZ would be completely determined in termsthé

relation in equation (1.93f 7, andY, were known. Note that andY  are not observable.

Following the suggé®ns in Kelejian and Prucha (2004), however, the following
estimators forz; andY, in terms of sample moments can be defined as:
J

8 = :
n

[u'.uj", Wu, " Wu, U W, ] "

(154) 20, Wu " Wu, "Wu, " n

J

B ==[2 Wi wp Wl twu o w

J
(u; WA Wu F W j @1, o

Thus, giventhe estimates in equation (1)54he empirical form of theelationship in

equation (1.58can be given by:
(155) g, =B U .
Sinces; andB; are observable anﬁlj is vector of parameters to be estimateg;an be

viewed as a vector of regression residuals. Thus, the second step estim@tcnsdaff ,

say, /';:7 andc’é, are nonlinear least squares estimators defined as the minimizer of:

!

pJ p]
2 2
(1.56) 6~ B| A % iPA
o o?

or
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!/

P, P,
.. _ )
fr.& = argmine, - B p % i PA

O'j O'j

N
N

In the third step of the procedure a Cochr@meutt type transformation is applied the

model in equation (1.28More specifically, let:
Yi(p))=y; —pWy; andZj (3 }=Z; -pWZ; .
Then, equation (1.2&ecomes:
(1.57) Yi(p)=Z;(p)b + C
If p, were know we coulderform 2SLS on equatiorl.§7) to obtain the generalized

spatial twestageleastsquares (GS2SLS) estimator @ior That is:
- — - 71_* ) %
(1.58) &= "200) 2n) @) K)

WhereZ’;(pj):PN Z(p,)and Py=N N'N "N’ .But, since in practical applicatisp; is
not known, it is replaced with its estiteaas defined in equation (1)58nd estimate the
model in equation (1.58using 2SLS. The resulting estimator is termed as the feasible
GS2SLS and is given by:
. Cio, o

(159 &= 28 anF @)E W)
whereZ' (£)=P,[Z, - EWZ ] andy;(&)=y, - p By, .

The three step GS2SLS procedure is applied in estimating the parameters of spatial

simultaneous equation models when the spatial dependence is either spatial error

dependence or both spatial error dependence and dpgtd¢pendence. When the spatial

27



dependence is only spatial lag type and if the disturbances are white noise, then, the second
step and consequently the third step are not required.

One of the limitations of the limited information (single equation) estion
technique is that it does not take into account the information provided by the potential

cross equation correlation in the innovation ved°tpr$n order to use the information from

such cross equation correlations, it igportant to stack the eqtions given in equation

(1.56 as follows:
(1.60)

where

Recall from equation (1.26that . Assuming that and

were known, equation (1.p@ould be estimated using the instrumental variable teahniq
In that case, the resulting systems instrumental variable estimatomwolild be the
generalized spatial threstage least squares (GS3SLS) estimator which can be given by (all

notations as defined before):
(161

Since in practical applicationsand are not known, their estimators are required to

obtain the feasible estimator forThe generalized moments estimators fand are

defined in equation (1.96 Note that is the jth diagonal element of. Besides, a

consistent estimator for can be derivedy combining equations (1.57) and (1).59:

(162
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